We study a class of minisuperspace models consisting of a homogeneous isotropic universe with a minimally coupled homogeneous scalar field with a potential ct cosh{2')+P sinh{2$), where a and P are arbitrary parameters. This includes the case of a pure exponential potential exp{2$), which arises in the dimensional reduction to four dimensions of five-dimensional Kaluza-Klein theory.
I. INTRODUCTION Most studies in quantum cosmology concentrate on the Dirac quantization procedure, in which the wave function of the universe is found by solving the Wheeler- Here, %[h,",Q, X] is the wave function for a compact three-surface X on which the three-metric is h;. and the matter-field configuration is P (Refs. 1 and 2). A more general and powerful tool for calculating the wave function is the path integral, in terms of which the wave function may be written 0'[h;, P, X]= f 2)g"2N&exp( I [g"] I [g", @] ), -- (1.2) where I [g", 4&] is a matter action and I [g""] is the Eu- The integral is taken over a certain class of metrics g" hand matter fields N, and over some class of manifolds M with boundary BM, such that X is part of BM, and such that g", and 4& induce h; and P on X. To make an expression such as (1.2) well defined, it is necessary to introduce the usual gauge-fixing machinery, but also, because the action (1.3) is unbounded from below on real fourmetrics, it is necessary to choose a suitable complex contour.
procedure in that it may be used to construct amplitudes more general than wave functions, and also that it does not necessarily require a notion of time. ' Secondly, certain boundary-condition proposals for the wave function of the Universe are given in path-integral form. In particular, the "no-boundary" proposal of Hartle and Hawking' ' is defined by taking the class of manifolds in (1.2) to be compact manifolds M whose only boundary is X, i.e. , 8M=X. Certain forms of the "tunneling" proposal of Linde and of Vilenkin are also given in path-integral form. ' '
Because of the considerable difficulties attending the full field-theoretic expressions of the form (1.1) and (1.2), much attention in quantum cosmology has been lavished on so-called minisuperspace models. ' These are models in which the metric and matter fields are severely restricted so that they depend only on a finite number of functions of one variable. Typically, one restricts the (Euclidean) four-metric to be of the form ds =N (r)dr +h;~dx 'dx~, (1.4) where N is the lapse function, and the three-metric h; is restricted in such a way that it depends on a finite number of functions of r, q (r), say, where a=1, . . . , n.
With these restrictions, the action (1.3) will then typically be of the form (1.6)
The integrand of (1.6) is an ordinary quantummechanical propagator between fixed q in fixed time N:
(q, N q, O) = Jl)q exp [ -I [q(z) H G(q Iq )=[ --, 'V +gn+U(q)]G(q Iq )=0.
(1.8) V(P) =a cosh(2$)+/3sinh(2$),
(1.9)
where a and P are arbitrary parameters, and the (dimensionless) field P is related to the standard scalar field @ by P=(4mG/3)' 4. We will show that the minisuperspace path integral can be evaluated exactly, or almost exactly (depending on the values of a and /3, and on the precise amplitude one is interested in).
The class of potentials (1.9) is not entirely without physical content. For large I/I, V(P) -exp(+2/). Pure exponential potentials of this type are known to lead to power-law inflation.
Furthermore, a potential of exactly the form exp (2$) arises in the dimensional reduction to four dimensions of five-dimensional pure gravity Here, V and R are the Laplacian and curvature scalar in the metric f & and the coefficient g is chosen to be the conformal coupling. " ' ' These choices of operator ordering guarantee invariance under field redefinitions of the q and rescalings of the lapse function N. If the N contour is taken to be of half-infinite length, with one of the endpoints N=O, then (1.7) is a Green's function of the Wheeler-l3eWitt operator; i.e. , one obtains a 6 function on the right-hand side of (1.8).
Given the explicit path integral for minisuperspace, Eq. (1.6), it becomes desirable, as in ordinary quantum mechanics, to build up a repertoire of models for which the path integral can be evaluated exactly, or at least almost exactly. Because of the form of (1.6), this one obtains -i5(x" -x')Sly" -y') on the right-hand side of (2.11). The latter fixes overall numerical factors in (4.10), but we will ignore these in what follows. Equation (4. 10) is the expression we will be concentrating on in the following analysis.
Let us begin by studying the saddle points of (4.10), corresponding to solutions of the Einstein-scala, r field equations. It is convenient to define the quantities s2= -(x" -x')'+(y" -y')', R =a(x"+x')+P(y" +y') -2 . Following Refs. 6 and 8, the integral may be evaluated using the following procedure. Let
where (x(r),y(r)) are the solutions to the second-order field equations (2.9), but they do not satisfy the constraint For contour (i) , which may be distorted so as to lie entirely in the region Re (N) (0, one can repeat the calculation in a parallel fashion, using, instead of (5.8) In addition to the above difficulties, a further issue arises in the actual implementation of the no-boundary proposal in minisuperspace models. Although the noboundary proposal is geometrically clear from the fourdimensional point of view, the 3+1 decomposition entailed by minisuperspace demands that one impose certain "initial conditions" at the "bottom" of the fourgeometry. These initial conditions do not follow in a straight-forward way from the no-boundary proposal as stated above. Resting heavily on the semiclassical approximation to the path integral, a detailed discussion of an appropriate set of initial conditions was given in Ref. 8 (see also Ref. 32) . The results of that discussion, as they afT'ect the present paper, are summarized here. Appropriate initial conditions on the metric are partially obtained from purely geometrical considerations -insisting that the metric have no singularities at the bottom of the four-geometry.
In more detail, the following requirements are useful.
(1) The boundary conditions must lead to a well-posed variational problem; i.e. , the saddle-point condition 6I /5g"= 0 should yield in the minisuperspace field equations.
(2) The boundary conditions should ensure that the solutions to the field equations are regular everywhere on the given four-manifold and, in particular, they are regular at the bottom of the four-geometry.
(3) The conditions should be quantum-mechanically consistent (e.g., one should not have to fix a coordinate and its momentum simultaneously).
Further discussion of these points may be found in Ref.
8. These requirements are, it should be noted, very semiclassical in nature. Although this is perhaps not totally satisfactory, it is sufficient for present practical purposes.
Consider now the calculation of the no-boundary wave function for the scalar field model studied in the preceding sections. The first step is to fix the topology of the four-manifolds considered in the no-boundary amplitude.
Recall that the three-surfaces X are taken to be threespheres S . We therefore seek compact four-manifolds M whose only boundary is a single three-sphere, BM=S .
There are many such four-manifolds, but there is only one that will admit a metric Ansatz of the form (2.1), The conditions (6.3) and (6.7) ensure that requirement (2) holds.
Requirement (3) forbids both of the conditions (6.3) from being imposed simultaneously, since da/dT is proportional to the momentum conjugate to Q. However, note that the constraint implies that the two conditions are, in fact, equivalent [given (6.7), and assuming that V(P) remains boundedj. We may therefore choose to impose either one in the path integral, and the other will then hold at the saddle points. We choose to take the condition a (0) =0, and drop the derivative condition.
This means that the geometries summed over in the full path integral will at least be closed at the bottom, but will generally not be regular (as one would expect). Finally, consider requirement (1). This primarily concerns boundary terms in the action. For a manifold of topology 8, the boundary term in the Einstein-Hilbert action (1.3) action contributes only at the final surface T=1. There is no "initial" surface, so no contribution from the boundary term at T=O. However, on inserting the metric /Insatz (6.2) and integrating the volume term by parts to get rid of the second-derivative terms, a boundary term does arise at T=O, namely, the term do the job of imposing no-boundary initial data. Clearly (6.13) implies that a (0)=0, via (6.10). To see that (6.7) is satisfied, we need to use the classical field equations. The solution to the classical field equations satisfying the initial conditions (6.13) is given by (4.4) and (4.5), with x'=0, y'=0 (and with N the solution to the appropriate algebraic equation, although this is not essential). Inserting this solution in Eq. (6.11), it is readily seen that, for small~, the denominator on the right-hand side goes like , but the numerator goes like r . Equation (6.7) is therefore satisfied as~goes to zero.
As an aside, we note what happens when one inserts the classical solutions for arbitrary X into (6.12). One has The focii of this ellipse lie on the x axis in Fig. 2(b) , and the ellipse touches the null lines at the same points the parabola touches. Although the action can have a rapidly varying imaginary part for all points outside this ellipse, it is only for those points which satisfy (6.29) that the steepest-descent approximation is really valid, and classical spacetime is predicted.
We may concisely summarize the behavior of the noboundary wave function for the cosh(2$) potential as follows, referring to Fig. 2(b) . We may think of Fig. 2 tions. In the case of a potential exp(2$), the phase portrait possesses an attractor at which there is power-law inflation, and some proportion of (but not all) the solutions go to the attractor. For the cosh(2$) potential, the exponential infiation is an attractor for all of the solutions.
We wrote down the path integral for the model in Sec. IV. Because the quantum-mechanical propagator (1.7)
of models, the no-boundary proposal could be implemented, at least semiclassically, by taking the initial conditions to be vanishing x and y in the propagation amphtude. We gave an approximate evaluation of the noboundary amplitude. We determined the regions in which the wave function is rapidly oscillatory, corresponding to classical spacetime, and we found the classical solutions picked out by this proposal. In the case of the exp(2$) potential, the proposal picks out one of trajectories in the phase portrait which goes to the powerlaw inAationary attractor. It therefore picks out a favorable solution, in that only some proportion of the trajectories in the general solutions go to the attractor. For the cosh(2$) potential, however, all of the trajectories in the general solution go to the attractor, so there is obviously not anything special about the solutions picked out by the no-boundary amplitude. Finally, we discussed the nature of the geometries corresponding to the saddle points of the no-boundary amplitude. The saddle points that appeared naively to be Lorentzian (because they had imaginary Euclidean action and imaginary N) turned out to be complex in terms of a and P, due to the nature of the mapping from x and y to a and P. Further investigation into some of the issues touched upon in this paper, such as the boundary-value problem and its importance for quantum cosmology, will be the subject of future publications. 
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